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Abstract 

For a wide class of nonlinear equations a perturbative solution is 
constructed. This class includes equations of motion of field theories. 
The solution possesses a graphical representation in terms of diagrams. 
To illustrate the formalism we consider the Yang- Mills field equations. 



1 Introduction 

Let V and W be vector spaces, and let 

Fiu) = (1) 

be an equation, where F : V W is a. given function, and m G ^ is an 
unknown vector. For a given uq & V one can expand the equation in powers 

of V = U — Uq, 

oo 

Fo + J2Fn{v)=0. (2) 

n=l 

Here Fq = F{uo), and for n > 1 

1 (i"F(Mo + Cv) 



Fniv) 



(3) 



Let Vq be the general solution of the free equation 

Fi(t;) = 0, (4) 
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and let S{f) be the specific solution of the inhomogeneous equation 



Fi{v) = -f, few, (5) 
which is linear in /, S{af) = a£{f), a G M. Equation then becomes 

oo 

V = Wo + ^Pn{v), (6) 

n=2 

where wq = vq + po, Pn = S{Fn). 

Equation ([1]) is rather general. It appears in many problems. In partic- 
ular, equations of motion of field theories are written in the form ([T]). For 
most of nonlinear equations in mathematical physics solutions of equations 
(jlj) and dS]) are well known [1]. 

The aim of the present paper is to construct a solution of equation ([6]). The 
solution possesses a graphical representation in terms of diagrams. To illus- 
trate the formalism we consider the pure Yang-Mills field equations in the 
Lorentz gauge. A solution of the equations of motion in spinor electrodynam- 
ics was found in ref.[2]. 

The paper is organized as follows. In the next section we construct a 
solution of equation and describe its graphical representation. In Sec. 3 
we consider the Yang-Mills field equations. 

2 A solution of nonlinear equations 

We shall need functions 

{....)^:V^ ^V, n = 2,3,..., 
defined for f i , . . . , t>„ G y by 

n 

(^i,...,t;„)„ = ^(-ir-'- Yl PnK + --- + ^v)- (7) 

r=l n<...<ir 

One can show [3] that (f i, . . . , Vn)n is an n— linear symmetric function. 
From ([7]) it follows 

{V, ...,v)n = n\pn{v), 
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Then equation (j^D takes the form 

+ Y,-^{v,...,v)n. (8) 



oo 

V = Wq ' 



n=2 



For / = (ii, . . . , 2„) we denote vj = (tij^, . . . ,Vi^). To solve equation ([8]) 
we introduce a family of functions 

{....) ■.V"^^V, m = 2,3,..., 

recursively defined by 

oo ^ 

{vi,...,Vm) = ^^^ {{Vi,),{Vi^),...,{ViJ)n, (9) 

n=2 ' /iU...U/„=(l...m) 

where = 1, ... ,n, is an increasing multi-index 0, /j fl /j = 0, (v) = v, and 
for / = (zi, . . . , Zn) (f/) = (fji, • • • , fi„). It is easy to prove by induction that 
{vi, . . . , Vm) is an m— linear symmetric function. 
For m = 2 and m = 3 we have 

{Vi,V2) = {Vl,V2)2, 



{Vl,V2,V3) = ((t'l,f2)2, 1^3)2 + ((t'l,t'3)2,t'2)2 + ( (^^2 , t's) 2 , -(^l) 2 + (f 1 , ^^2, ^^3)3- 

Let PJ^ : 1/" ^ ym-n+i^ m > 2, 1 < < . . . < z„ < m, be defined by 

• • • , t'm) = ((^-ii, • • • V,Jn,Vi, ...,Vi„...,Vi^,.. .,Vm), 

where v means that v is omitted. If f G V is given by 

V = . . . PJ^-'^^+'P^iv,, ...,Vm) (10) 

for some h = . . . ,1^,12 = (if, ■ • -JlJ, ■■■,Is = (it, ■ ■ • ,«^J,rii + . . . + 
Hg — s + 1 = m, we say that f is a descendant of {vi, . . . , Vm)- 

The functions (^1,^2) and {vi,V2,Vs) are given by the sums of all the 
descendants of their arguments. Assume that {vi, . . . , Vk), k < m, is given by 

^The multi- index / = (ii, . . . , z„) is said to be increasing if ii < ... < i„. 
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the sum of all the descendants of (vi, . . . , Vk). Each descendant of (vi, . . . , Vm) 
can be written as 

{di{vj^^),d2{vij, . . .,dn{vij)n, (11) 

for some n > 2 and /j^ U . . . U /j,^ = (1, . . . , m), where li^ is an increasing 
multi-index, dk{vi-^) is a descendant of vj.^, /c = 1, . . . , n. It is easy to show 
that for k I li^. n = 0. Then summing all the different functions ffTTl) 
we get the right-hand side of Qj. Thus, we have proved that {vi, . . . ,Vm) is 
given by the sum of all the descendants of (t>i, . . . , Vm)- 

Each descendant can be represented by a diagram. In this diagram an el- 
ement of V is represented by the line segment . A product {vi, . . . , Vn)n 

is represented by the vertex joining the line segments for and 
(fi, . . . ,Vn)n- The general rule should be clear from Figure I.Here we show 
the diagram for 

Pl^{Vi, ...,Vm) = i{Vi,Vj)2,Vi, .,Vm). 

The points labeled by 1, . . . , m represent the ends of the lines Vi, . . . ,Vm- Us- 
ing this prescription, one can consecutively draw the diagrams for P^_^^{vi, . . . , Vm), 
P^^P^^(fi, . . . , Vm), ■ ■ ■ ,v ffTOj) . The diagram for v has m + 1 external lines. 
The auxiliary points 1, . . . , m are removed. 



m 




1 

Figure 1. Diagram for PJ^{vi, . . . , Vm)- 
For vi = . . . = Vm = Wo equation ([9]) reads 

It- a\. . . . a^. 

n=2 si+...+Sn='m 
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where {wQ = { wp, ■ ■ ■ , Wq ). 

r 

We find that a solution of equation (jS]) is given by 

v={e^'), (13) 

where 

A;=0 

Indeed, substituting (fT3ll in ([8]), we get 

OO ^ OO OO ^ 

E^«"> = EE;^ E ;^«<>- ■■■<<))»■ 

m=2 m=2 n=2 si+...+Sn=»Tt 

To conclude the proof, it remains to use (fT2|) . 
Let 

OO 

^ = ^o + EV 
n! 

?i=2 

be an equation, where ^,^0 G M, e„ is defined as if {v, . . . ,v)n = 0, and 
otherwise = 1. Let 51 : M — M be defined by 

00 



n=2 

and let = X]m=i '^m?'" be the inverse function of g. Then 

00 



m=l 



where {C,---,On = ^""5 and therefore the number of the descendants of 
{vi,..., Vra) is given by mlam- 
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3 The Yang-Mills field equations 

Let X = {x^ , , x'^ , x^) be space-time coordinates, r]'^^ = diag{l, —1, —1, —1) 
the metric tensor and □ = d^d^j,. The pure Yang-Mills equations in the 
Lorentz gauge d^A^ = Q read [1] 

UA, + [A^ {d,A, - d^A, + [A^, A,])] - d^'lA^, A,] = 0, (14) 

where ^4^(2;) is a non-Abelian gauge field. For = 0, Fq = 0, = A^dx" ^ 

F,{v) = DA.dx", F2{v) = {d^[A^, A,] - [A^, {d,A^ - d,A,)])dx'', 
Fsiv) = -[A'^,[A^,A,]]dx' 

and Fn{v) = 0,n > 4, equations (fl^ are identified with (j2]). 
The general solution vo = A^ydx^ of the free equation 

= 

is given by 
where 

M(^) = / /i(x^+^^^x^ + ^^^x^ + ^^^)c^a^, 
Js 

and are coordinates on the unit sphere is the area element on 
S ^ t —— X , 



/n 1 2 3\ / 1 2 3\ dVo{t, X^ , x'^ , X^) 
Vo[0, X ,X ,X ) = ip[x ,X,X), 



dt 

A specific solution of the inhomogeneous equation 

Dv = -f 

reads [1] 

1 r 



= %Ij{x ,x ,x ). 

t=Q 



^(/) = -^ / / fit-r,x' + re,x' + re,x' + Te)da^. 

•-'0 ^ s 



We can rewrite equation fll4p in the form ([S]) 

oo ^ 



(15) 



n=2 



where A = A^dx^^Ao = Ao^dx". Combining ([ISD,® and ([T3]), we get 

For example, the 0{Aq) contribution in A is given by 

liAo, Ao, Ao) = l{{Ao, Ao)2, Ao)^ + ^(Ao, Aq, ^0)3. 
/ 

The diagram for {{Aq, v4o)2, ^0)2 is depicted in Figure 2. Here the Yang-Mills 
fields are represented by wavy lines. 

Ao 



{{Ao,Ao)2,Ao), 




Figure 2. Diagram for ((Aq, ^0)2, ^0)2 
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